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Abstract
In this paper we study a non-autonomous neutral functional differential equation in a Banach space. Applying the theory of
semigroups of operators to evolution equations and Krasnoselskii’s fixed point theorem we establish the existence and uniqueness
of a mild almost periodic solution of the problem under consideration.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Intoduction
The theory of almost periodic functions was first treated and created by Bohr during 1924–1926. Later on Bochner
extended the Bohr theory to general abstract spaces. The theory has been widely treated by Favard, Levitan [1],
Besicovich [2] in monographs. Amerio [3] has extended certain results of Favard and Bochner to differential
equations in abstract spaces. Functional differential equations arise as models in several physical phenomena, for
example, reaction–diffusion equations, climate models, coupled oscillators, population ecology, neural networks, the
propagation of waves etc. A class of functional differential equations called neutral differential equations arises in
many phenomena such as in the study of oscillatory systems and also in the modeling of several physical problems [4].
There exists an extensive literature for ordinary neutral functional differential equations; as a reference one can see
Hale and Lunel’s book [5] and references therein. A partial neutral differential equation with finite delay case arises,
for instance, from the transmission line theory. And unbounded delay arises, for instance, from the description of the
heat conduction in materials with fading memory (Gurtin and Pipkin [6]).
The purpose of this paper is to deal with the existence and uniqueness of an almost periodic solution of the following
functional differential equation in a complex Banach space X :
du(t)
dt
= A(t)u(t)+ d
dt
F1(t, u(t − g(t)))+ F2(t, u(t), u(t − g(t))), t ∈ R, u ∈ AP(X), (1.1)
where AP(X) is the set of all almost periodic functions from R to X (cf. Definition 2.1) and the family {A(t) : t ∈ R}
of operators in X generates an exponentially stable evolution system {U (t, s), t ≥ s}.We also discuss the differential
equation
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du(t)
dt
= Au(t)+ d
dt
F1(t, u(t − g(t)))+ F2(t, u(t), u(t − g(t))), t ∈ R, u ∈ AP(X), (1.2)
where F1 : R × AP(X)→ X, and F2 : R × X × AP(X)→ X.We assume that A is the infinitesimal generator of
a C0-semigroup {S(t), t ≥ 0}. In the paper [10], the authors have considered Eq. (1.1) and have shown the periodic
solution of the equation. The authors have considered A(t) as a nonsingular n × n matrix.
The existence of almost periodic solutions of abstract differential equations has been considered by many authors;
see [3,7–9]. In [7] Zaidman has proved the existence of an almost periodic mild solution of the equation
du(t)
dt
= Au(t)+ h(t), t ∈ R, u ∈ AP(X),
where h is an almost periodic function from R to X, and A is the infinitesimal generator of a C0 semigroup.
Here we strengthen the results of [10] and show the existence and uniqueness of a mild almost periodic solution of
(1.1). We use Krasnoselskii’s fixed point theorem and the contraction mapping theorem to show the existence of an
almost periodic solution.
2. Preliminaries
Let X be a complex Banach space endowed the norm ‖ · ‖X .We denote by B(X) the Banach space of all bounded
linear operators from X to itself endowed with the operator norm given by
‖L‖B(X) := sup{‖Lx‖X : x ∈ X, ‖x‖X ≤ 1}, L ∈ B(X).
Definition 2.1. A function f : R→ X is said to be almost periodic if for every  > 0 there exists a positive number
l such that every interval of length l contains a number τ such that
‖ f (t + τ)− f (t)‖X < .
Let AP(X) be the set of all almost periodic functions from R to X. Then (AP(X), ‖ · ‖AP(X)) is a Banach space
with the supremum norm given by
‖u‖AP(X) = sup
t∈R
‖u(t)‖X .
Definition 2.2. A continuous mapping f : R × X → X is said to be almost periodic in t uniformly for x ∈ X if for
each  > 0 and for each compact subset D of X there exists l > 0 such that every interval of length l contains a
number τ with the property that
‖ f (t + τ, x)− f (t, x)‖X < , for all t ∈ R, x ∈ D.
Definition 2.3. A continuous mapping f : R × X × Y → X is said to be almost periodic in t uniformly for
(x, y) ∈ X × Y if for each  > 0 and for each compact subset E of X × Y there exists l > 0 such that every
interval of length l contains a number τ with the property that
‖ f (t + τ, x, y)− f (t, x, y)‖X < , for all t ∈ R, (x, y) ∈ E .
Definition 2.4. By an almost periodic solution u : R → X we mean that u ∈ AP(X), u(t) is continuously
differentiable and satisfies (1.1) on R.
Definition 2.5. By an almost periodic mild solution u : R → X of the differential equation (1.1) we mean that
u ∈ AP(X), and u(t) satisfies
u(t)− F1(t, u(t − g(t))) = U (t, a)(u(a))− F1(a, u(a − g(a)))+
∫ t
a
U (t, ξ)F2(ξ, u(ξ), u(ξ − g(ξ)))dξ,
(2.1)
for t ≥ a.
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An evolution family U (t, s) is called exponentially stable if there exists M ≥ 1 and δ > 0 such that
‖U (t, s)‖B(X) ≤ Me−δ(t−s), t ≥ s.
Throughout the paper we assume that U (t, s) is an exponentially stable evolution family.
It is easy to see that if U (t, s) is exponentially stable then the relation (2.1) can be replaced by
u(t) = F1(t, u(t − g(t)))+
∫ t
−∞
U (t, ξ)F2(ξ, u(ξ), u(ξ − g(ξ)))dξ.
In [11] Acquistapace and Terreni gave conditions on A(t), t ∈ R,which ensure the existence of an evolution family
{U (t, s), t ≥ s > −∞} on X such that
u(t) = U (t, 0)u(0)+
∫ t
0
U (t, ξ) f (ξ)dξ, (2.2)
where u(t) satisfies
du(t)
dt
= A(t)u(t)+ f (t), t ∈ R. (2.3)
These conditions, now known as the Acquistapace–Terreni conditions (ATCs), are as follows.
(ATCs): There exist a constant K0 > 0 and a set of real numbers α1, α2, . . . , αk, β1, . . . , βk with 0 ≤ βi < αi ≤
2, i = 1, 2, . . . , k, such that
‖A(t)(λ− A(t))−1(A(t)−1 − A(s)−1)‖B(X) ≤ K0
k∑
i=1
(t − s)αi |λ|βi−1,
for t, s ∈ R, λ ∈ Sθ0 \ {0}, where
ρ(A(t)) ⊃ Sθ0 = {λ ∈ C : | arg λ| ≤ θ0} ∪ {0}, θ0 ∈
(pi
2
, pi
)
and there exists a constant M ≥ 0 such that
‖(λ− A(t))−1‖B(X) ≤ M1+ |λ| , λ ∈ Sθ0 .
If (ATCs) are satisfied, then from Theorem 2.3 of [12], there exists a unique evolution family {U (t, s), t ≥ s > −∞}
on X, which governs the linear version of (2.3). Throughout the paper we assume that (ATCs) are satisfied.
The following theorem gives a necessary and sufficient condition for the existence of a fixed point.
Theorem 2.6 (Krasnoselskii). Let M be a nonempty closed convex subset of X. Suppose that Λ1 and Λ2 map M into
X such that
(i) for any x, y ∈ M, Λ1x + Λ2y ∈ M,
(ii) Λ1 is a contraction,
(iii)Λ2 is continuous and Λ2(M) is contained in a compact set.
Then there exists z ∈ M such that z = Λ1z + Λ2z.
We have the following assumptions for our problem.
Assumptions. (1) The functions F1, F2 are Lipschitz continuous, that is, there exist positive numbers LF1 , LF2 such
that
‖F1(t, φ)− F1(t, ψ)‖X ≤ LF1‖φ − ψ‖AP(X)
for all t ∈ R and for each φ,ψ ∈ AP(X) and
‖F2(t, u, φ)− F2(t, v, ψ)‖X ≤ LF2(‖u − v‖X + ‖φ − ψ‖AP(X))
for all t ∈ R and for each (u, φ), (v, ψ) ∈ X × AP(X);
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(2) A(t), t ∈ R, satisfy (ATCs) and A : R→ B(X) is almost periodic;
(3) U (t, s), t ≥ s, satisfy the condition that, for each  > 0 there exists a number l > 0 such that each interval of
length l > 0 contains a number τ with the property that
‖U (t + τ, s + τ)−U (t, s)‖B(X) < Me− δ2 (t−s).
(4) The functions F1(t, u), F2(t, u, v) are almost periodic for u, v almost periodic.
For u, v ∈ AP(X), F1(t, u), F2(t, u, v) is almost periodic, and hence it is uniformly bounded. We assume that
‖Fi‖AP(X) ≤ Mi , i = 1, 2.
Also, we assume that ‖F ′2‖AP(X) ≤ M ′.
3. Neutral differential equation
We define a mapping F by
(Fu)(t) = F1(t, u(t − g(t)))+
∫ t
−∞
U (t, s)F2(s, u(s), u(s − g(s)))ds.
We show the following
Lemma 3.1. For u almost periodic, the operator Fu is almost periodic.
Proof. First we observe that F is bounded. Consider
‖(Fu)(t)‖X ≤ ‖F1(t, u(t − g(t)))‖X +
∫ t
−∞
‖U (t, s)‖‖F2(s, u(s), u(s − g(t)))‖Xds
≤ M1 +
∫ t
−∞
Me−δ(t−s)M2ds
≤ M1 + M2 M
δ
<∞.
Hence Fu is bounded. Now we show that (Fu)(t) is almost periodic with respect to t ∈ R. Note that the functions F1
and F2 are almost periodic. We have
‖(Fu)(t + τ)− (Fu)(t)‖X ≤ ‖F1(t + τ, u(t + τ − g(t + τ)))− F1(t, u(t − g(t)))‖X
+
∥∥∥∥∫ t+τ−∞ U (t + τ, s)F2(s, u(s), u(s − g(s)))ds −
∫ t
−∞
U (t, s)F2(s, u(s), u(s − g(s)))ds
∥∥∥∥
X
≤ 1 +
∫ t
−∞
‖U (t + τ, s + τ)F2(s + τ, u(s + τ), u(s + τ − g(s + τ)))
−U (t, s)F2(s, u(s), u(s − g(t)))‖Xds
≤ 1 +
∫ t
−∞
‖U (t + τ, s + τ)−U (t, s)‖B(X)‖F2(s + τ, u(s + τ), u(s + τ − g(s + τ)))‖Xds
+
∫ t
−∞
‖U (t, s)‖B(X)‖F2(s + τ, u(s + τ), u(s + τ − g(s + τ)))− F2(s, u(s), u(s − g(t)))‖Xds
≤ 1 + MM2′
∫ t
−∞
e−
δ
2 (t−s)ds + M2
∫ t
−∞
e−δ(t−s)ds
≤ 1 + M2 2M
δ
′ + M
δ
2
≤ . (3.1)
Hence (Fu)(t) is almost periodic with respect to t , i.e., F acts on AP(X). In order to apply Krasnoselskii’s fixed
point theorem, we need to construct two mappings: a contraction map and a compact map. Let
(Fu)(t) = (Λ1u)(t)+ (Λ2u)(t),
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where Λ1,Λ2 is from AP(X) to AP(X) are given by
(Λ1u)(t) = F1(t, u(t − g(t)))
and
(Λ2u)(t) =
∫ t
−∞
U (t, s)F2(s, u(s), u(s − g(s)))ds. 
Lemma 3.2. The operator Λ1 is a contraction provided LF1 < 1.
Proof. Consider
‖(Λ1u)(t)− (Λ1v)(t)‖X ≤ ‖F1(t, u(t − g(t)))− F1(t, v(t − g(t)))‖X
≤ LF1‖u(t − g(t))− v(t − g(t))‖X
≤ LF1‖u − v‖AP(X).
For LF1 < 1, Λ1 is a contraction. 
Lemma 3.3. The operator Λ2 is continuous and the image is contained in a compact set.
Proof. First we consider
‖(Λ2u)(t)‖X ≤
∫ t
−∞
‖U (t, s)‖B(X)‖F2(s, u(s), u(s − g(s)))‖Xds.
Thus we have
‖Λ2u(·)‖AP(X) ≤ ‖F2(·, u(·), u(· − g(·)))‖AP(X)
∫ t
−∞
Me−δ(t−s)ds
≤ M
δ
‖F2(·, u(·), u(· − g(·)))‖AP(X). (3.2)
Now for u, v in AP(X) we have
‖(Λ2u)(t)− (Λ2v)(t)‖X ≤
∫ t
−∞
‖U (t, s)‖B(X)‖F2(s, u(s), u(s − g(s)))− F2(s, v(s), v(s − g(s)))‖Xds
≤
∫ t
−∞
‖U (t, s)‖B(X)LF2(‖u(s)− v(s)‖X + ‖u(s − g(s))− v(s − g(s))‖X )ds
≤ 2LF2‖u − v‖AP(X)
∫ t
−∞
Me−δ(t−s)ds
≤ 2MLF2
δ
‖u − v‖AP(X).
Hence we get
‖Λ2u − Λ2v‖AP(X) ≤ 2MLF2
δ
‖u − v‖AP(X).
For any  > 0, take δ′ = N , where N =
2MLF2
δ
; we get
‖Λ2u − Λ2v‖AP(X) < ,
whenever ‖u − v‖AP(X) < δ′. Thus the mapping Λ2 is continuous. Next we show that the image of the operator Λ
is contained in a compact set. We consider the set P = {u ∈ AP(X) : ‖u‖AP(X) ≤ r}, where r is a fixed positive
constant. Let un be a sequence in P . From (3.2) we get
‖Λ2un(·)‖AP(X) ≤ M
δ
‖F2(·, un(·), un(· − g(·)))‖AP(X).
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We observe that
‖F2(t, u(t), φ(t))‖X ≤ ‖F2(t, u(t), φ(t))− F2(t, 0, 0)‖X + ‖F2(t, 0, 0)‖X
≤ LF2(‖u‖AP(X) + ‖φ‖AP(X))+ a, (3.3)
where a = ‖F2(·, 0, 0)‖AP(X). Hence
‖Λ2un‖AP(X) ≤ C
for some positive constant C . We consider now
‖A(t)(Λ2un)(t)‖ =
∥∥∥∥A(t) ∫ t−∞U (t, s)F2(s, un(s), un(s − g(s)))ds
∥∥∥∥
X
=
∥∥∥∥∫ t−∞ A(t)U (t, s)F2(s, un(s), un(s − g(s)))ds
∥∥∥∥
X
=
∥∥∥∥∫ t−∞ ∂U (t, s)∂t F2(s, un(s), un(s − g(s)))ds
∥∥∥∥
X
≤ ‖F2(t, un(t), un(t − g(t)))‖X +
∫ t
−∞
‖U (t, s)‖B(X)‖F ′2(s, un(s), un(s − g(s)))‖Xds
≤ 2LF2(‖un‖AP(X))+ a +
M
δ
M ′2. (3.4)
Next we calculate
(Λ2un)′(t) = ddt
∫ t
−∞
U (t, s)F2(s, un(s), un(s − g(s)))ds
= A(t)(Λ2un)(t)+ F2(t, un(t), un(t − g(t))). (3.5)
Taking the norm of both the sides of (3.5), we have
‖(Λ2un)′(t)‖X = ‖A(t)(Λ2un)(t)‖X + ‖F2(t, un(t), un(t − g(t)))‖X
≤ 2LF2‖un‖AP(X) + a +
M
δ
M ′2 + a + 2LF2‖un‖AP(X)
≤ D, (3.6)
for some positive constant D. Hence the sequence Λ2un is uniformly bounded and equicontinuous. By the
Arzela–Ascoli theorem we get that Λ2(P) is compact. 
Theorem 3.4. Suppose F1, F2 satisfies all the assumptions and LF1 < 1. Let Q = {u ∈ AP(X) : ‖u‖AP(X) ≤ R}.
Here R satisfies the inequality
RLF1 + b +
M
δ
(2LF2R + a) ≤ R,
where ‖F1(·, 0)‖AP(X) ≤ b. Then Eq. (1.1) has an almost periodic solution in Q.
Proof. Λ2 is continuous and Λ2Q is contained in a compact set by Lemma 3.3. And Λ1 is a contraction for LF1 < 1.
For u, v ∈ Q, we have
‖(Λ1u)(t)+ (Λ2v)(t)‖X ≤ ‖F1(t, u(t − g(t)))− F1(t, 0)‖X + ‖F1(t, 0)‖X
+
∫ t
−∞
‖U (t, s)‖B(X)‖F2(s, u(s), u(s − g(s)))‖Xds
≤ LF1‖u‖AP(X) + b + (2LF2‖u‖AP(X) + a)
M
δ
≤ RLF1 + b +
M
δ
(2LF2R + a) ≤ R. (3.7)
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Thus Λ1u + Λ2v ∈ Q. Hence all the conditions of Krasnoselskii’s theorem are satisfied. Hence there exists a unique
fixed point φ ∈ Q such that φ = Λ1φ + Λ2φ. From Lemma 3.1 we conclude that this is the almost periodic solution
of Eq. (1.1). 
Remark. Using arguments similar to those in this paper we can deal with the existence and uniqueness of an almost
periodic solution for (1.2). Here our evolution operator becomes
U (t, s) = T (t − s).
In this case we have the mild solution given by
u(t) = F1(t, g(t − u(t)))+
∫ t
−∞
T (t − s)F2(s, u(s), g(s − g(s)))ds.
4. Examples
Example 1. We consider the following problem:
∂
∂t
[
w(t, x)+
∫ t
−∞
∫ pi
0
e−c(t−s)K1(s − t, y, x)w(s, y)dyds
]
= ∂
2
∂x2
w(t, x)+ a(t, x)w(t, x)+
∫ t
−∞
e−d(t−s)K2(s, x, w(s, x))ds t ∈ R, x ∈ [0, pi], (4.1)
w(t, 0) = w(t, pi) = 0 w(t, x) = η(t, x), t ≤ 0, x ∈ [0, pi],
where the function a(t, x) is a continuous in x , uniformly Ho¨lder continuous in t and is almost periodic with respect
to t uniformly for x . The constants c, d > 0, the map K1 is bounded and the map K2 is almost periodic with respect
to the first argument.
Let X = L2[0, pi] be the complex Hilbert space endowed with the usual inner product and the norm generated by
the inner product. We define A : D(A) ⊂ X → X given by
D(A) = {u(·) ∈ X : u′′ ∈ X, u and u′ absolutely continuous, u(0) = u(pi) = 0},
A(t)u = −d
2u
dx2
− a(t, x)u.
It is known that A(t) generates an evolution operator U (t, s), and
U (t, s) = T (t − s)e−
∫ s
t a(s,·)ds,
where −A generates a strongly continuous semigroup T (t) on X given by
Au(·) = − d
2
dx2
u(·).
We assume that K1 : R× AP(X)→ X is given by
K (t, φ)(x) = K1(t, x)φ(t)(x),
and similarly we define
K˜ (t, φ)(x) = K2(t, x, φ(t)(x)).
We consider
f1(t, x) =
∫ t
−∞
∫ pi
0
e−c(t−s)K1(s − t, y, x)w(s, y)dyds.
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We can easily check that for w almost periodic, the function f1 is almost periodic in t uniformly with respect to x .
For x ∈ X = L2[0, pi], we have
‖ f1(t + τ, x)− f1(t, x)‖2 =
∫ pi
0
∥∥∥∥∫ t+τ−∞
∫ pi
0
e−c(t+τ−s)K1(s − t − τ, y, x)w(s, y)dyds
−
∫ t
−∞
∫ pi
0
e−c(t−s)K1(s − t, y, x)w(s, y)dyds
∥∥∥∥2 dx
≤
∫ pi
0
∥∥∥∥∫ pi
0
∫ t
−∞
e−c(t−s)|K1(s − t, y, x)|(w(s + τ, y)− w(s, y))dsdy
∥∥∥∥2 dx
≤ ‖K1‖
2
c2
2. (4.2)
Hence we conclude that
‖ f1(t + τ, x)− f1(t, x)‖X < .
Thus f1 is almost periodic. Also, we have
f2(t, x) =
∫ t
−∞
e−d(t−s)K2(s, x, w(s, x))ds.
By arguments similar to those above, we can easily see that f2 is almost periodic in t uniformly with respect to x .Using
the transformations K , K˜ and A(t) the partial differential equation (4.1) can be reformulated as (1.1). Theorem 3.4
ensures the existence and uniqueness of an almost periodic solution to (4.1).
Example 2. As in [10], we consider the following perturbed Van Der Pol equation for small 1 and 2:
u′′ + (2u2 − 1)u′ + u = 1 ddt (sin(t)+ sin(
√
2t))u2(t − g(t))− 2(cos(t)+ cos(
√
2t)), (4.3)
where g(t) is a nonnegative, continuous and almost periodic function. Using the transformations u′ = u1 and u′1 = u2,
we have
U ′ = AU + d
dt
F1(t, u(t − g(t)))+ F2(t, u(t), u(t − g(t))), (4.4)
where
U =
(
u1
u2
)
,
A =
(
0 1
−1 0
)
and
F1(t, u(t − g(t))) =
(
0
1(sin(t)+ sin(
√
2t))u21(t − g(t))
)
,
F2(t, u(t), u(t − g(t))) =
(
0
2(cos(t)+ cos(
√
2t))− 2u21u2
)
.
Theorem 3.4 ensures the existence and uniqueness of an almost periodic solution to (4.4) which in turn ensures the
same for (4.3).
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